5.4

Quadratic Expressions
Learning Objectives:

e Todiscuss the sign of a quadraticexpression and to study the
change in signs

e Tofind extreme values of quadratic expressions
AND

e To practice the related problems

A polynomial of the form ax? + bx + ¢, where a, b, c are real
or complex numbersand a # 0, is called a quadratic

expression in X.

Throughoutthis module we consider quadratic expressions
with real coefficients. In this module we discuss the sign of a
quadraticexpression, its change in signs and maximum and

minimumvalues.
Sign of a quadratic expression:

Theorem 1: Let a,b,c € R, a # 0, then

(i) The rootsof ax? + bx + ¢ = 0 are non-real complex
numbersif and only if the quadraticexpression
ax? + bx + c and a have the same sign for all x € R.
(ii) If ax? + bx 4+ ¢ = 0 has equal roots then the quadratic

expression ax? 4+ bx + c and a have the same sign

b
forall xe R, x # ——.
2a



Proof:

WehaveaxEererC:a(x2+gx+§)
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a 2a 4a2
If the roots of ax? + bx + ¢ = 0 are non-real complex

numbers, then b? — 4ac < 0, i.e., 4ac — b? > 0 and

) ax®+bx+c

from (1 > 0OforallxeR

= ax? + bx + c and a have the same sign for all x € R.
Conversely, suppose that ax? + bx + ¢ and a have the

same sign for all x € R.

X2 +bx+ b\? . 4ac—b?
:;-u}[}:}(x+2—) j. T = 0 Vxre R

a a 4q2

. b :
Taking x = g We obtain

dac—b?
42
Hence the roots of ax? + bx + ¢ = 0 are non-real complex

20 Sdhe - bt 0SB —488 =20

numbers.

This proves the first part of the theorem.
If the equation ax? + bx + ¢ = 0 has equal roots, then
b? — 4ac = 0 and from (1)

X2 4bxt b\ 2 b
il (:r:—l——) =0forallxe R,x # ——

a 2a 2a
Thus, ax? + bx + ¢ = 0 and a have the same sign for all
b
xeR x +——.
2a

This proves the second part of the theorem.



Examplel:

Determine the sign of the quadratic expression x? —x + 2 for
xE R,

Solution:

The discriminant= (—1)* —4-1-2 = —7 < 0. Therefore, the

2

roots of the quadratic equationx® — x + 2 = 0 are non-real

complex numbers.

2

Therefore, x? — x + 2 and the coefficient of x? have the same

sign for all x € R. Since the coefficient of x%is1 = 0,
x?—x+2>0, VxER.

Change in signs of a quadratic expression:

Theorem 2: Let « and f8 be real roots of
ax?+bx+c=0anda < f.Then

(i) If x € (a,B),thenax? + bx + c and a have opposite signs.

(i) If x € (—oo, @) U (B, ), then ax? + bx + ¢ and a have the

same sign.
Proof:
Since a, B are the roots of ax?+ bx +c¢ = 0;
ax*+bx+c=alx—a)(x—B)
Therefore, 25 — (x — a)(x — )
(i) Supposex ¢ (a,f).Thenx —a > 0,x— B < 0and
DI~ (x — @) (x — B) < 0

Thus ax? + bx + ¢ and a have opposite signs.



(ii) Supposex € (—oo, @) U (B, ). Thenx € (—oo, )
or x € (B, ).
a)lf x € (—oo, ), thenx < a < B and
x—@< 0,x—=F <.

ax®+bx+c

Therefore, ———— = (x —a)(x— ) = 0

Thus ax? + bx + ¢ and a have the same sign.
b)If x € (B,0),thena < B < x and
x—a>0x—fF >0.

e 5
Therefore, %ﬁw =(x—a)(x—pF)>0

Thus ax? + bx + ¢ and a have the same sign.
Combiningthe above two cases, the second part of the

theorem follows.

Hence the theorem.
Example2:

Discuss the sign of the quadratic expression 4x — 5x?% + 2

where x € R.

Solution:

We have, —5x% + 4x + 2.

It's discriminantis b> —4ac =16 —4-(—=5)-2 =56 > 0.

—y 2+1., 14

8_

Now —5x2 + 4x + 2 and —5, the coefficient of x? have
opposite signs if x € («, f) and have the same sign if

x€(—oo,a) U(B,x).
Thus 4x —5x2+ 2> 0if xe(a,f)

The roots are real and they are a =

and 4x —5x° + 2 < 0ifx € (—oo,a) U (B, ).



Extreme values of a quadratic expression:

We show that the extreme values of a quadraticexpression
with real coefficients depend on the sign of its leading
coefficient.

Theorem 3;

leta,b,c € R,a = 0and f(x) = ax? + bx + c.

: o b
(i) Ifa > 0,then f(x) has absolute minimum atx = g and
PN . 4ac—b?
the minimum value is ;
4a
. : b
(ii) If a < 0, then f(x) has absolute maximum at x = —Eand

4ac—b?

4a

the maximum value is

Proof:

2 3
We have f(x) = ax?+bx+c=a (x + ;—a) + 4a:ab -- (1)

4ac—b?
da '
4ac—b* b

whenxy = — —.
4a 2a

(i) Ifa = 0, then f(x) =
f(x) =
b

This shows that f (x) has absolute minimumatx = — =

Vx € R and

4ac—b?

da

Vx € R and

when a = 0 and its minimum value is

F 4ac—b*

(i) If a < 0,then f(x) =
fx) =
b

This shows that f (x) has absolute maximum at x = — 5

da !

4ac—b? b
whenx = — —.
4a 2a

4ac—b?

da

when a = 0 and its maximum value is

Hence the theorem.



Example3:

Find the maximum and minimum values of the quadratic

expressions

(a) 1Z%— #° —32
(b) ax*’+bx+a;ab€eR,a=+0.

Solution:

(a) Let f(x) = 12x — x? — 32. The coefficient of x? negative.

Therefore, f (x) has absolute maximum at

x=——2 =2 — 6andthe maximum value is
2a 2{—1)
_ dac-b*  a(-1)(-32)-12°%
O =" = ey, b
(b) Let f(x) =ax?+bx+a; a,bER,a+0.
If a > 0, then f(x) has absolute minimum at x = —i and

d g . dac—Db? 4a2—p
the minimum value is —_
4a 4a

b

If a < 0, then f(x) has absolute maximum at x = -

: . 4ac—b® 4aq?—p*
and the maximum value is =
da da




P1:

Determine the sign of the quadratic expression x* — 8x + 16.



Solution:
We have, x% — 8x + 16 .
The discriminant= (—8)2 —4-1-16 = 0.

The roots of the quadratic equation x? — 8x + 16 = 0 are real

andequal.

Therefore, by the second part of the Theorem 1,
x? — 8x + 16 and the coeff.of x? have the same sign for all

sl el | e e ot + 4. Since the coefficientof x%is 1 = 0,

2a

x2—8x+16>0, VX ER,x + 4.



P2:

For what values of x, the expression 2x% + 5x — 3 is negative.



Solution:

We have, 2x? + 5x — 3.
It’s discriminantis b? —4ac=25—-4-2-(-3)=1> 0.

1
The roots are real and theyare a = -3, = >

Now, by Theorem 2, 2x% 4+ 5x — 3 and the coefficient of

x 2 have opposite signs if x e (a, f) = (—3 %) and have the

same sign if x € (—ow,a) U (B, ) = (—o0,—3) U em)
Since the coefficientof x%2is 2 >0, 2x°4+5x—3 < 0
. 1
if xe (—3 ’E) and

%, : 1
2x“+5x—3=0if xe(—oo,—3) U(E’m)'

Therefore, the expression 2x° + 5x — 3 is negative for

X € (—3 %)



P3:

Find the maximum or minimum of the expression x? + 5x + 6.



Solution:

We have, x? + 5x + 6. Comparing this expression with
ax?+bx+c,wehave a=1,b=5,c=6.Sincea=1> 0,
(by the first part of Theorem 3), x? + 5x + 6 has absolute
minimum at

dac—b? _ 4(1)(6)—(5)° _

da 4(1) —1.

and the minimum value is

Therefore, the given expression has the minimum value —1 at

5
i
2



P4.

Find the maximum or minimum of the expression 2x — 7 — 5x?



Solution:

We have, —5x% + 2x — 7. Comparing this expression with
ax® + bx +c, wehave a = —5b=2,c = —7. Since
a=-—5 <0, (bythe second part of Theorem 3),

—5x%2 + 2x — 7 has absolute maximum at

b 2 1
B gt o B N
2a

Taleg) 1

dac-b* _ 4(-5)(-7)-(2)* _ 34
4a 4(-5) o

and the maximum value is

. : : 34
Therefore, the given expression has the maximum value — = at

x_l
==



IP1:

Determine the sign of the quadratic expression x% + x + 1.
Solution:

We have, x% + x + 1.

The discriminant= (1)? —4-1-1= -3 < 0.

The roots of the quadratic equation x? + x + 1 = 0 are non-

real complex numbers.

Therefore, by the first part of the Theorem 1, x? + x + 1 and
the coeff.of x? have the same sign for all x € R. Since the
coefficientofx%?is1 >0, x?+x+1>0, Vx €ER.



IP2:

For what values of x, the expression x? — 5x + 6 is positive.
Solution:

We have, x% — 5x + 6.

It's discriminantis b? —4ac =25 —-4-1-6=1 > 0.

The roots are real and theyare a = 2, = 3.

Now, by Theorem 2, x? — Bx + 6 and the coefficient of
x? have opposite signs if x € (o, ) = (2,3) and have the
same sign if x € (—oo,a) U (B,0) = (—o0,2) U (3, ).

Since the coefficientof x%is1 > 0, x2 —5x + 6 < Q if
¥ie(2,3)and % —5x 165 0if ¥e(—w2) U (3 w).

Therefore, the expression x% — 5x + 6 is positive for
x € (—o0,2) U (3, ).



IP3:

Find the maximum or minimum of the expression x? — 8x + 17
Solution:

We have, x? — 8x + 17. Comparing this expression with
ax? + bx +c,wehave a =1,b = —8,c = 17. Since
a =1 > 0, (by the first part of Theorem 3), x? — 8x + 17 has

absolute minimum at

N P
2a 2-1
4ac—b*  4(1)(17)-(-8)*

4a 4(1) =1

and the minimum value is

Therefore, the given expression has the minimum value 1 at
x = 4,



IP4:

Find the maximum or minimum of the expression 2x — x° + 7.
Solution:

We have, —x? + 2x + 7. Comparing this expression with
ax?+ bx +c,wehave a =—1,b=2,c = 7.Since
a=—1 <0, (bythe second part of Theorem 3),

—x2 4 2x + 7 has absolute maximum at

P b z
. B =

4ac—b* N 4(-1)(7)—-(2)? s

4a 4(—1) 7.

and the maximum value is

Therefore, the given expression has the maximum value 7 at

= i



1. Determine the sign of the following expressions for x € R.
4. %% — B 6
b.x?>—5x+ 4
6. %% — x43



2. For what values of x, the following expressions are positive?
a.3x% +4x + 4
b. 4x — 5x° + 2
c.4x—5x% + 1
d.x?—5x+14



3. For what values of x, the following expressions are negative?
a. % —Te410
b, 15 4-4x - 3x*
c. x°—5x —6
d. 23 —ox*
e.—7x*+8x—9



4. Findthe maximum or minimum of the following expressions
as x varies over R.
4. 2% —'T'— B&>
b. 3x% + 2x + 11
Coxd—x L7
d.2x +5— 3x*°



